We systematically calculate the relativistic corrections to prompt J/ψ photoproduction and hadroproduction using the factorization formalism of nonrelativistic QCD. Specifically, we include the 3 S 1 channels. We provide all the squared hardscattering amplitudes in analytic form. Assuming the nonrelativistic-QCD long-distance matrix elements to satisfy the velocity scaling rules, we find the relativistic corrections to be appreciable, except in the 3 S
1 , 1 S [8] 0 , and 3 P [8] J color-octet channels as well as the effects due to the mixing between the 3 S [8] 1 and 3 D [8] 1 channels. We provide all the squared hardscattering amplitudes in analytic form. Assuming the nonrelativistic-QCD long-distance matrix elements to satisfy the velocity scaling rules, we find the relativistic corrections to be appreciable, except in the 3 S
[1] 1 color-singlet channel of hadroproduction. We also observe significant differences in the line shapes of the relativistic corrections between photoproduction and hadroproduction.
I. INTRODUCTION
The production of heavy quarkonia, the QCD bound states of heavy-quark pairs (QQ), serves a an ideal laboratory to probe both the perturbative and nonperturbative aspects of QCD. The effective quantum field theory of nonrelativistic QCD (NRQCD) [1] endowed with the factorization formalism introduced by Bodwin, Braaten, and Lepage [2] is nowadays the most favorable theoretical approach to study heavy-quarkonium production and decay. In this framework, the theoretical predictions are separated into process-dependent short-distance coefficients (SDCs) and supposedly universal long-distance matrix elements (LDMEs). The SDCs may be calculated perturbatively as expansions in the strong-coupling constant α s , while the LDMEs are predicted to scale with definite powers of the relative velocity v of the heavy quarks in the quarkonium rest frame [3] . In this way, the theoretical calculations are organized as double expansions in α s and v. In contrast to the color-singlet (CS) model, in which the QQ pair must be in the CS state that shares the spin S, orbital angular momentum L, and total angular momentum J with the considered quarkonium, NRQCD accommodates all possible Fock states n = J , where a = 1, 8 stands for CS and color octet (CO), respectively.
During the past two decades, tests of NRQCD factorization and the universality of the LDMEs were performed in a vast number of experimental and theoretical works. Despite numerous great successes, there are still some challenges in J/ψ hadroproduction. As for the prompt yield of unpolarized J/ψ mesons, the next-to-leading-order (NLO) QCD corrections were calculated for all the relevant channels, including [8] 0 [5] , and 3 P [8] J [6, 7] for direct production and the feed down from ψ ′ mesons, and
J [8, 9] for the feed down from χ cJ mesons. As for the LDMEs, different ways of fitting lead to different results. By a global fit to the world's J/ψ data from hadroproduction, photoproduction, two-photon scattering, and e + e − annihilation, the three CO LDMEs relevant for direct production were successfully pinned down [10] in a way compatible with the velocity scaling rules [3] , which greatly supported their universality. Using these LDMEs, the J/ψ polarization in hadroproduction was predicted to be largely transversal [11] . By fitting to the CDF Run II measurements of J/ψ yield and polarization for transverse momenta p T > 7 GeV, the authors of Ref. [12] obtained two linear combinations of the three LDMEs, which led to an almost unpolarized prediction for the LHC. Fitting to the prompt J/ψ yield measured for p T > 7 GeV by CDF II and LHCb, including also the feed-down contributions from the χ cJ and ψ ′ mesons, a third set of LDMEs was obtained, which resulted in a moderately transverse J/ψ polarization at the LHC [13] . All of these three LDME sets can describe well the J/ψ yield at the LHC.
Unfortunately, none of the resulting predictions for J/ψ polarization is consistent with the latest measurements by CMS [14] and LHCb [15] . The above results reflect the fact that the NRQCD prediction of prompt J/ψ polarization strongly depends on the actual values of the LDMEs. To test the universality of the LDMEs in a meaningful way and to clarify the J/ψ polarization puzzle, it is useful to investigate some other effects in the determination of the LDMEs, such as the higher-order relativistic corrections.
In the heavy-quarkonium system, we actually have v 2 ∼ α s (2m Q ), which is not very small.
In some cases, it was found that the higher-order v 2 corrections are even as important as the higher-order α s corrections. For example, the relativistic corrections played an important role in resolving both the double-charmonium [16] and J/ψ+X non−cc production problems at the B factories [17, 18] . In J/ψ hadroproduction, the v 2 corrections in the CO channels 1 were found to be significant in the large-p T region [19] , although they are tiny in the CS
1 channel [20] . In double-quarkonium hadroproduction, the v 2 corrections also turned out to be significant [21] , especially in the CO channels [22] . In the test of the hypothesis
in hadroproduction, appreciable v 2 corrections were encountered in the
channel [9] . All these observations provide a strong motivation for us to systematically study the v 2 corrections to the cross sections of prompt J/ψ photoproduction and hadroproduction.
This will allow us to render global fits of the contributing LDMEs more reliable and to deepen our understanding of their universality. While the SDCs of direct J/ψ production immediately carry over to the feed down from the ψ ′ mesons, the feed down from the χ cJ mesons requires a separate calculation.
The remainder of this paper is organized as follows. In Sec. II, we explain how we calculate all the relevant SDCs. Our numerical results are presented in Sec. III. Our conclusions are contained in Sec. IV. Our analytic results are listed in the Appendix.
II. NRQCD FACTORIZATION FORMULA
Invoking the Weizsäcker-Williams approximation and the factorization theorem of the QCD parton model, the cross sections for the photoproduction or hadroproduction of the hadron H = J/ψ, χ cJ , ψ ′ may be written as [10] 
where f i/A (x) is the parton distribution function (PDF) of the parton i in the hadron A = p,p or the flux function of the photon i = γ in the charged lepton A = e − , e + , f j/i (y 1 ) is δ ij δ(1 − y 1 ) or the PDF of the parton j in the resolved photon i = γ, andσ(jk → H + X) is the partonic cross section. In NRQCD through relative order v 2 , the latter is factorized
where O H (n) is the four-quark operator pertaining to the transition n → H at leading order (LO) in v, with mass dimension d O(n) ; P H (n) is related to its v 2 correction and carries mass
and F ij (n) and G ij (n) are the appropriate SDCs of the partonic subprocesses i + j → cc(n) + X. Working in the fixed-flavor-number scheme, the parton i runs over the gluon g and the light quarks q = u, d, s and antiquarksq.
According to the velocity scaling rules [3] , the leading contributions to direct J/ψ and ψ ′ production are due to the
0 , and
J channels, and those to direct χ cJ production are due to the 1 channels. Accordingly, prompt J/ψ photoproduction and hadroproduction proceeds at LO through the partonic subprocesses
We adopt the definitions of the relevant four-quark operators O H (n) from the literature [2, 23] and define the corresponding four-quark operators P H (n) as: †
where 
The SDCs F ij (n) and G ij (n) may be obtained perturbatively by matching the QCD and NRQCD calculations via the condition
The left-hand side of Eq. (6) may be computed directly using the spinor projection method developed in Ref. [24] , by which the product of Dirac spinors v(P/2 − q)ū(P/2 + q) is projected onto the considered 2S+1 L J state in a Lorentz-covariant form. In an arbitrary reference frame, the four-momenta P/2 + q and P/2 − q of the heavy quark and antiquark may be related to those in the quarkonium rest frame as
where P µ r = (2E q , 0), E q = m 2 c + q 2 , 2q is the relative three-momentum between the two quarks in the quarkonium rest frame, and L µ ν is the Lorentz transformation matrix for the boost from the quarkonium rest frame to the considered reference frame. To all orders in v 2 , the projectors onto the spin-singlet (S = 0) and spin-triplet (S = 1) states in the quarkonium rest frame read [25] 
In an arbitrary reference frame, they become
Note that the normalization of the Dirac spinors isūu = −vv = m 2 c . With the help of the spinor projection method, the partonic scattering amplitude M(ij → cc(n) + X) may then be expanded in the relative momentum q. To this end, we write
where the factor m c /E q stems from the relativistic normalization of the cc(n) state and
Here, 3, k;3, l|1 = δ kl / √ N c and 3, k;3, l|8, a = √ 2 T a kl are the color-SU(3) ClebschGordan coefficients for the cc(n) pair projected onto CS and CO states, respectively, and
we may write the expansion of Eq. (11) in q as
For S-and D-wave states, only the terms with even powers in q contribute, while for P -wave states it is the other way around. To calculate the relativistic corrections for the production of S-and P -wave states, we need to decompose the higher-rank tensor products of q factors in Eq. (13) into their irreducible representations and to retain the L = S and L = P terms, respectively. Through order v 2 , we thus obtain, for n =
and, for n =
where
In the D-wave case, we only need the amplitude at LO in v 2 , which is
We are now in a position to perform the matching between the calculations in NRQCD and full QCD. We thus obtain
where √ s is the invariant mass of the incoming partons and
J ; and
for the to the phase space and depends on the kinematic variables that we are interested in. In the cases under consideration here, we have K = −4/(s − 4m 2 c ). We generate the Feynman diagrams using the FeynArts package [26] and compute the amplitude squares using the FeynCalc package [27] . In the Appendix, we present our results for |N ij (n)| 2 .
We reproduce the well-known results for |M ij (n)| 2 , which were called |A| 2 in Ref. [28] and
Ref. [29] . We may also compare some of our results for |N ij (n)| 2 with the literature.
The v 2 corrections to direct J/ψ photoproduction were first studied in Ref. [30] within the relativistic quark model, which accounts for the CS contributions. We reproduce Eq. (23) in Ref.
[30] if we do not expand E q , but set E q = m J/ψ /2. The relativistic corrections to direct J/ψ hadroproduction were considered in Ref. [19] within NRQCD. We find agreement with Ref. [19] , except for some typographical errors in Eq. (A4) therein, which corresponds
1 )| 2 in our notation. Furthermore, the
1 mixing contribution was not considered there. Apart from correcting the misprints in Eq. (A4) of Ref. [19] , our paper reaches beyond the available literature by studying the CO contributions to direct J/ψ photoproduction, the
1 mixing contribution to direct J/ψ hadroproduction, and the feed-down contributions to J/ψ hadroproduction.
III. PHENOMENOLOGICAL RESULTS
We are now in a position to investigate the phenomenological significance of the v 2 corrections in prompt J/ψ photoproduction and hadroproduction. In our numerical analysis, we use m c = 1.5 GeV, α = 1/137.036, the LO formula for α (n f ) s (µ r ) with n f = 4 active quark flavors and asymptotic scale parameter Λ
QCD = 215 MeV [31] , the CTEQ6L1 set for proton PDFs [31] , the photon flux function given in Eq. (5) [33] , and the choice µ r = µ f = p 2 T + 4m 2 c for the renormalization and factorization scales. According to Eqs. (1) and (2), the hadronic cross sections of the direct photoproduction and hadroproduction of the charmonia H = J/ψ, χ cJ , ψ ′ , differential in some observable x, may be generically written as
where it is understood that dF (n)/dx = 0 if n stands for
mixing. For all other channels n, the relative v 2 corrections are R(n)
, where
is a dimensionless ratio. To standardize the numerical discussion, we also introduce the quantity
1 )/dx) for the case when n stands for
1 mixing. According to the velocity scaling rules [3] , the weight
which is approximately 0.23 for charmonium [34, 35] . For definiteness, we ignore these weights in the following and concentrate on the SDC ratios R(n) instead. Furthermore, we limit ourselves to the direct production of J/ψ mesons and their production via the feed down from the χ cJ mesons. In the latter case, the branching fractions B(χ cJ → J/ψ + X) drop out in the ratios R(n). However, there remains a kinematic effect on the transverse momentum. Since
we may approximate p
511 GeV, and M χ c2 = 3.556 GeV [36] .
We consider three typical experimental environments, namely, Run II at HERA, Run I at the Tevatron, and the LHCb setup at the LHC. At HERA II, the cross section of prompt J/ψ photoproduction was measured at center-of-mass energy mixing. We recall that n = J is prohibited at this order. For simplicity, we ignore resolved photoproduction, the SDCs of which also contribute to hadroproduction to be studied below.
In Run I at the Tevatron, the p T distribution of prompt J/ψ hadroproduction was measured at √ S = 1.8 TeV in the pseudorapidity range |η| < 0.6 [37] , and it was measured by LHCb at √ S = 7 TeV in the rapidity range 2.0 < y < 4.5 [38] . In the latter two cases, we exclude the region p T < 3 GeV, where the application of fixed-order perturbation theory is problematic. In Figs. 2 and 3 , the p T distributions of R(n) are shown for the Tevatron and the LHC, respectively. In each figure, part (a) refers to n =
J , and
1 mixing in direct J/ψ production, and part (b) refers to n = mixing because these results emerge from their counterparts in part (a) just by rescaling the p T axis as explained above. In a similar way, part (a) carries over to the feed down from the
We observe from Figs. 1-3 that the ratios R(n) may be throughout positive or negative or change sign as x is varied and typically have a magnitude of order unity or larger. In fact,
1 ) for hadroproduction reaches the value −3 at p T = 3 GeV, as may be seen in Figs. 2 and 3. An exception to this rule is R(
1 ) for hadroproduction, which is roughly one order of magnitude smaller. Because of the above estimations of the weights
and v 2 , R(n) = 2 is likely to imply a v 2 correction of some 50% in the channel n. However, it is unlikely that the inclusion of the v 2 corrections would turn a given hadronic cross section negative, the more so as the v 2 corrections in the various channels n may be of either sign thus allowing for cancellations. Comparing Figs. 1-3 , we observe that the relative importance and the p T dependencies of the various ratios R(n) greatly differ between photoproduction and hadroproduction. If a fit is constrained to data for which the contributing ratios R(n)
are approximately independent of x, as in the case of hadroproduction for p T > 7 GeV say, then the inclusion of the v 2 corrections would not improve the quality of the fit, but rather induce strong correlations between O H (n) and P H (n) for each n, both as for sign and magnitude. To reduce these correlations or even enable independent determinations of the LDMEs in the enlarged set, it is indispensable to reduce the low-p T cut in hadroproduction, to p T > 3 GeV say, and to include photoproduction data in the fit. In a fit with such a lowp T cut in hadroproduction, the inclusion of the v 2 corrections might enhance the goodness because the notorious lack of turnover of the NLO NRQCD predictions in the low-p T region, which causes the latter to overshoot the experimental data there, might be cured at least to some extent by the fact that all the ratios R(n) are amplified as p T is decreased. In conclusion, the addition of v 2 corrections is expected to have a significant impact on stateof-the-art determinations of CO LDMEs through global fits to prompt J/ψ production data and might improve the goodness of such fits.
IV. CONCLUSIONS
We performed a systematic study of the v 2 corrections to the yields of prompt J/ψ photoproduction and hadroproduction, providing the relevant SDCs in analytic form. Specifically, this includes the partonic subprocesses listed in Eq. (3) 
V. APPENDIX
In this appendix, we present analytic expressions for the nonvanishing SDCs |N ij (n)| 
, and u = (p 2 − P ) 2 | q=0 and satisfy
c . Note that our results for hadroproduction can also be applied to resolved photoproduction. 
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